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Abstract
We give two simply connected elliptic 79-dimensional closed smooth manifolds whose rational homotopy
types are di0erent. But both their rational cohomology rings and rational homotopy Lie algebras are isomorphic.
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1. Introduction
The rational homotopy type of a space X is described in two ways, one is by the di0erential
graded Lie algebra LX originated by Quillen [3] and the other is by the di0erential graded algebra
AX originated by Sullivan [4]. The homology of LX , H∗(LX ), is isomorphic to the rational homotopy
Lie algebra of X , ∗(X )⊗Q, where the bracket is induced from that of ∗(X )⊗Q via the boundary
map [2, p. 293]. The cohomology of AX , H ∗(AX ), is isomorphic to the rational cohomology ring of
the space X , H ∗(X ;Q).
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Then the following question seems interesting:
Question. Does the pair (H ∗(X ;Q); ∗(X )⊗Q) determine uniquely the rational homotopy type
of X?
The purpose of the present paper is to answer the above question negatively. Since the spaces
that we will End are rationally elliptic, this also solves the following problem in [1]:
Problem 10 (FGelix): Find a graded commutative algebra H ∗ which is the cohomology algebra of
two elliptic rational spaces of distinct homotopy types.
Here a simply connected space X is called rationally elliptic if dimH ∗(X ;Q) and dim ∗(X )⊗Q
are Enite.
We prove the following result:
Theorem A. There are simply connected 79-dimensional closed smooth manifolds M1 and M2 sat-
isfying the following conditions:
(1) the rational homotopy types of M1 and M2 are di<erent;
(2) the rational cohomology rings H ∗(M1;Q) and H ∗(M2;Q) are isomorphic as graded algebras
over Q;
(3) the rational homotopy Lie algebras ∗(M1)⊗Q and ∗(M2)⊗Q are isomorphic as graded
Lie algebras over Q;
(4) the rational homotopy types of Mi (i = 1; 2) are elliptic.
Our argument is based on Sullivan’s theory of minimal model. In Section 2 we construct a family
of minimal models which di0er only by di0erentials. This family is parameterized by P1(Q), the
rational projective space of dimension one (Proposition 2.1), and all of their homotopy Lie algebras
are isomorphic (Proposition 2.2). The rational homotopy types of this family are neither formal nor
coformal. The main body of this paper is the computations of the cohomology rings of this family
(Theorems 3.1), which is carried out in Section 3. In general it depends on the point of P1(Q). In
Section 4, however, we End two points of P1(Q) such that the corresponding cohomology rings are
isomorphic.
2. Elliptic minimal models parameterized by P1(Q)
We deEne a family of minimal models M(a;b) by
M(a;b) = (v3; v5; v7; v9; v11; v13; v31);
where the degree of vi is i and the di0erential is given by
dv3 = dv5 = 0; dv7 = v3v5; dv9 = v3v7;
dv11 = v3v9 + v5v7; dv13 = v3v11 + v5v9;
dv31 = av3v7v9v13 + bv5v7v9v11; (a; b)∈Q×Q \ {(0; 0)}:
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Then we have
Proposition 2.1. The minimal models M(a1 ;b1) and M(a2 ;b2) are isomorphic if and only if there is an
element ∈Q \ {0} such that a2 = a1, b2 = b2.
Proof. Suppose that there is an element  such that a2 = a1, b2 = b1. Then we have a DGA
isomorphism ’ :M(a2 ;b2) → M(a1 ;b1) deEned by ’( Nvi) = vi for i6 13 and ’( Nv31) = v31 where Nvi
denotes the element of M(a2 ;b2) corresponding to vi in M(a1 ;b1).
Conversely, if there is a DGA isomorphism
’ :M(a2 ;b2) → M(a1 ;b1);
then there is an element i ∈Q \ {0} (i= 3; 5; : : : ; 31) such that ’( Nvi) = ivi (i= 3; 5; : : : ; 31). Then,
by setting
=
31
37913
=
31
57911
;
we have a2 = a1 and b2 = b1.
Thus we can denote M(a;b) by M[a;b], for [a; b]∈P1(Q) without any confusion. Next we consider
the rational homotopy Lie algebra of M[a;b]. In fact, we can prove more:
Proposition 2.2. The isomorphism class of the rational homotopy Lie algebra of M[a;b] does not
depend on [a; b]∈P1(Q).
Proof. By FGelix et al. [2, Theorem 21.6, p. 295], the rational homotopy Lie algebra of M[a;b] is
isomorphic to that of
M(0;0) = (v3; v5; v7; v9; v11; v13; v31);
where we have
dv3 = dv5 = 0; dv7 = v3v5; dv9 = v3v7;
dv11 = v3v9 + v5v7; dv13 = v3v11 + v5v9; dv31 = 0
for any [a; b]∈P1(Q).
Since M[a;b] is an elliptic space generated by the elements of odd degrees, it is a PoincarGe space
of dimension 79. Then, by Sullivan [4, Theorem 13.2, p. 321], it can be realized by a compact
smooth manifold.
3. Cohomology of M[a;b]
In this section, we calculate the cohomology of M[a;b] using spectral sequence arguments. We
consider the following series of sub DGA’s of M[a;b]:
Mi = ((v3; : : : ; v2j+1; : : : ; v2i+5); d); for i = 0; 1; 2; 3; 4; and M5 =M[a;b]:
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For 16 i6 5, we introduce a Eltration of Mi by
Fj = {x ⊗ c∈(v2i+5)⊗Mi−1 | |c|¿ j}:
Then we obtain a spectral sequence {Er(i)} associated with it such that E2(i)=(v2i+5)⊗H (Mi−1)
converging to H (Mi). Because of the Eltration it is easy to see that dn = 0 for n 	= 2i + 6. Thus
we have E2(i)=E2i+6(i) and E2i+7(i)=E∞(i). We can calculate the spectral sequences step by step
and obtain the following theorem.
Theorem 3.1. If b 	= −3a, then we have
H ∗(M[a;b]) =(x3; y5; z23; z25; z27; z43; z45; z47; z67)
⊗Q[z12; z16; w16; z34; z36; w36; z54; z56; z58; z76]=I(a;b);
where
x3 = [v3]; y5 = [v5]; z12 = [v3v9]; z16 = [v5v11 − v7v9];
w16 = [v3v13 + 3v5v11 − 2v7v9]; z23 = [(v3v9 − v5v7)v11];
z25 = [v3v9v13]; z27 = 13a+b [(v3v11 + v5v9)v13 − 2v7v9v11];
z34 = [v3v31 + bv5v7v9v13]; z36 = [(v3v9 − v5v7)v11v13];
w36 = [v5v31 − av3v9v11v13]; z43 = 13a+b [v3v9v31];
z45 = 13a+b [v5v7v9v11v13];
z47 = 13a+b [(b(v5v11 − v7v9)− a(v3v13 + v7v9))v31];
z54 = 13a+b [(v3v9 − v5v7)v11v31]; z56 = 13a+b [v3v9v13v31];
z58 = 13a+b [((v3v11 + v5v9)v13 − 2v7v9v11)v31];
z67 = 13a+b [(v3v9 − v5v7)v11v13v31]; z76 = 13a+b [v5v7v9v11v13v31]
and I(a;b) is generated by the following elements
x3y5; {x3zi}i =76; {x3wi}; {y5zi}i =16;27;47;58; {y5wi}; {y5z16zi}i=27;47; w16w36; w236;
{zizj}i6j; (except for (i; j) = (12; 67); (16; 16); (16; 27); (16; 47); (16; 58);
(23; 56); (25; 54); (27; 47); (34; 45); (36; 43));
{ziwj}; (except for (i; j) = (16; 16); (16; 36); (27; 36); (47; 16));
z216 − 2ay5z27; z16w16 − 2(2a− b)y5z27; w216 − 2(3a− 5b)y5z27; y5z47 − z16w36;
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y5z58 + z27w36; 2(a2 + ab+ b2)y5z58 − (2a− b)w16z47 + (3a− 5b)z16z47;
z27z47 − z16z58; x3z76 − y5z16z58; z12z67 + y5z16z58; z23z56 + y5z16z58;
z25z54 − y5z16z58; z34z45 + y5z16z58; z36z43 + y5z16z58:
4. The proof of Theorem A
Denote by A the free algebra
(x3; y5; z23; z25; z27; z43; z45; z47; z67)
⊗Q[z12; z16; w16; z34; z36; w36; z54; z56; z58; z76]
and I(a;b) the ideal in Theorem 3.1. We consider an automorphism f :A→ A given by
f(x3) = 21x3; f(y5) = 3y5; f(zi) = 21zi for i = 12; 23; 25; 34; 36;
f(zi) = 7zi for i = 16; 47; f(zi) = 49zi for i = 27; 43; 45; 54; 56; 58; 67; 76;
f(wi) = 3wi for i = 16; 36:
It is easy to show that f(I(1; 0)) ⊂ I(3;−8) and the automorphism f induces the isomorphism
H ∗(M[1;0]) ∼= H ∗(M[3;−8]).
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